Abstract. In this paper we study the topological moduli space of some germs of singular holomorphic foliations in (C 2 , 0). We obtain a fully characterization for generic foliations whose vanishing order at the origin is two or three. We give a similar description for a certain subspace in the moduli space of generic germs of homogeneous foliations of any vanishing order and also for generic quasi-homogeneous foliations. In all the cases we identify the fundamental group of these spaces using the Gassner representation of the pure braid group and a suitable holonomy representation of the foliation.
Introduction
Roughly speaking, the moduli space of a germ of a singular holomorphic foliation F in (C 2 , 0) is the set of holomorphic foliations which are topologically the same as F, but identifying two such foliations that became the same after a holomorphic change of coordinates. Later we will give a precise definition of this object which is quite natural in the classification theory of singularities for holomorphic foliations. However, since it is very difficult to work with, there is an easier but less general way to treat this problem: the use of topologically trivial deformations, i.e. families of topologically equivalent foliations depending continuously of a real parameter t. This is the approach of D. Cerveau and P. Sad in [4] where they treat a weak moduli problem: to determine the space of analytic classes of those foliations which can be immersed into a topologically trivial deformation of F. Due to the parameter t in the deformation they called to this object the t-moduli space of F, and most of its results treat about it. This seminal work [4] has clearly motivated the present paper. Our purpose is to treat the original moduli problem, i.e. without using deformations, and to prove similar results to the ones that they obtain in the weak problem.
In section 1 we recall some definitions and notations that we will use in the sequel, including the main tool: the projective holonomy representation. Also we state the main results that we have obtained. In section 2 we recall the analytic classification theorem for homogeneous foliations. The first original result is obtained in section 3. There it is shown that two topologically conjugated general foliations have topologically conjugated holonomy representations. In section 4 we prove a topological classification theorem for generic homogenous foliations. In section 5 we identify its moduli space and we endow it with a natural topology. We prove that its fundamental group can be interpreted in terms of certain symmetries of the holonomy representation. Also we show that this group is isomorphic to certain subgroup of the pure braid group of the plane. In section 6 we relate the faithfulness of the Gassner representation of the braid group to the fact that generically the moduli space is simply connected. Finally, in section 7 we generalize the exposed techniques and results to the class of quasi-homogeneous foliations.
I would like to thank my advisors, Marcel Nicolau and Frank Loray, for having guided me so well all over these years, Dominique Cerveau for many discussions and explanations and the referee for several helpful suggestions and comments which made the original manuscript more clear and readable.
Definitions and results

Definitions
From now on, Φ : (C 2 , 0) → (C 2 , 0) will denote a germ of homeomorphism conjugating two germs F and F of holomorphic foliations at the origin, i.e. Φ maps leaves of F onto leaves of F . Moreover we suppose that Φ preserves the orientation of the ambient space and also preserves leaves orientations. By F ∼ top F we mean that there is a conjugating homeomorphism Φ as above. 
We say that the foliation F is topologically rigid if F ∼ top F implies F ∼ an F, i.e. M(F) = {[F]}.
Example 1.2. Assume that F is defined by an holomorphic 1-form with non-zero diagonalizable linear part. We denote by α the ratio of their eigenvalues (called residue of the singularity). If α is non real, the singularity of F is called hyperbolic. It is well-known that in this case M(F) can be identified to the upper half plane {α ∈ C | Im(α) > 0}.
Seidenberg's desingularisation theorem (see for instance [9] ) provides an algorithm of reduction of singularities for every germ of a holomorphic singular folia-520 D. Marín CMH tion F. We resume it here: after a suitable composition π : C 2 → C 2 of a finite number of blow-ups, all the singularities of F = π * F have non-zero linear part and its residue α is not a negative rational number (these singularities are called reduced). In particular, hyperbolic singularities are reduced. We can consider Example 1.2 as the zero step in the study of moduli spaces of holomorphic foliations according to Seidenberg's theorem. The following step is to consider a foliation F whose reduction of singularities is achieved after a single blow-up π : C 2 → C 2 of the origin. We denote by D = π −1 (0) the exceptional divisor and assume that 
The image of H in Diff(C, 0) is well-defined up to conjugation and it is known as the (projective) holonomy group of F.
We recall the definition of general and N.A.G. foliations given in [4] which are subfamilies of the class of foliations described above. Definition 1.3. Let F be a germ of foliation defined by a local 1-form ω = ω ν + ω ν+1 + · · · with ω ν = 0, where ω k is a homogeneous 1-form of degree k ≥ ν = vanishing order of F at 0. We say that ω or F is general if ω ν satisfies the following conditions:
∂y is the radial vector field then the homogeneous polynomial P ν+1 = ω ν (R) is non-zero and has ν + 1 simple linear factors l 1 , . . . , l ν+1 .
(ii) The meromorphic 1-form ων Pν+1 has non-real residues α 1 , . . . , α ν+1 given by
We remark that ν+1 j=1 α j = 1. We say that F is N.A.G. (Non Abélien Général) if and only if satisfies the following:
(i) the 1-form ω ν is general, (ii) the residues α 1 , . . . , α ν+1 are different and generate a dense additive subgroup of C, (iii) the holonomy group of F is non abelian. Remark 1.4. N.A.G. conditions imply that the holonomy group G ⊂ Diff(C, 0) is topologically rigid, i.e. if ψ : (C, 0) → (C, 0) is a germ of homeomorphism such that for any g ∈ G the composition ψ • g • ψ −1 is an element of Diff(C, 0) then ψ is a conformal or anticonformal mapping, cf. [4, 5] . In particular, if ψ preserves the orientation then ψ is a biholomorphism. We note that N.A.G. conditions are Vol. 78 (2003) Moduli spaces of holomorphic foliations 521
generic into the space of (ν + 1)−jets of 1-forms ω ν + ω ν+1 . Moreover, N.A.G. conditions are invariant under topological conjugations, i.e. if F is N.A.G. and F ∼ top F then F is also N.A.G., see [2, 4] .
If F is a germ of general foliation having vanishing order ν at the origin then the induced foliation F = π * F after blowing-up the origin of C 2 has ν + 1 different singularities on the exceptional divisor D with hyperbolic linear parts and residues α j . Therefore F is a non dicritical generalized curve (cf. [2] ) having ν + 1 smooth transverse separatrices through the origin, and it reduces after one blow-up. Remark 1.5. It is well-known that the germ of four (or less) smooth and transverse curves through the origin is analytically equivalent to the germ of their tangent lines. However, in general this assertion is false for more than four curves. Definition 1.6. A germ of holomorphic foliation F which is a non dicritical generalized curve will be called homogeneous if the germ of their separatrices Sep(F) is analytically equivalent to a finite number of lines through the origin.
In [4] the authors prove the following result. The assumption on the topologically triviality of the deformation F t means that there exists a continuous family Φ t of homeomorphisms of (C 2 , 0) conjugating F t and F 0 . In the same paper they conjectured this result without the assumption on the existence of a topologically trivial deformation: 
Theorem (Cerveau-Sad
Conjecture (Cerveau-Sad
Main results
We start with a positive answer to the last conjecture for germs of general holomorphic foliations. A general result (Theorem E) has been obtained in section 5 for homogeneous N.A.G. foliations of any vanishing order ν. However, its formulation needs some definitions that will be introduced later. We have also treated the case of quasihomogeneous foliations in section 7. There we have applied similar ideas to the homogeneous case, obtaining the Theorem F.
We note that these results are consistent with the ones obtained in [11] for generic germs of foliations (whose singularities can be much more complicated that in our situation). However, its approach is local, i.e. they show the following. Let {F t } t∈(C,0) be a holomorphic deformation of a foliation F 0 . Suppose that F t is topologically trivial and F 0 verifies some generic conditions. Then there exists a codimension one holomorphic foliation G in (C 3 , 0) such that G |C 2 ×{t} = F t . Such a foliation G is called an (equisingular) unfolding of F 0 . On the other hand, it is shown that the quotient space of the set of equisingular unfoldings of F 0 by the analytic equivalence relation is a neighborhood of the origin in C δ(F0) . For instance, if F 0 is a N.A.G. foliation whose vanishing order at the origin is ν ≥ 2 then δ(
. This gives us the local description of the moduli space considered in Theorems C and D.
Analytical classification of homogeneous foliations
Let F be a germ of holomorphic foliation at the origin of C 2 . We will denote by U an open neighborhood of the origin where F is well-defined. Also we write U * Vol. 78 (2003) Moduli spaces of holomorphic foliations 523
to designate the complement in U of the set of separatrices of F. It is well-known that any homogeneous foliation F can be obtained in the open set U * suspending the holonomy representation H F . Let F and F be two given homogeneous foliations whose separatrix sets are analytically equivalent and let ψ : Σ → Σ be a biholomorphic map between two transverse Hopf fibres Σ and Σ , conjugating the holonomies of F and F . We can apply the lifting path method described in [9] in order to extend ψ to an analytical conjugation h : U * → U * between F |U * and F |U * , preserving the Hopf fibration. Under a more restrictive hypothesis (the equality of their respective residues) this analytic conjugation h extends to the separatrices of F. Indeed, the following result is proved in [4] using this method.
Theorem (Cerveau-Sad) . Let F and F be two germs of general homogeneous foliations in (C 2 , 0). Then the following assertions are equivalent:
) preserving the Hopf fibration and conjugating F and F , (iii) there exists a biholomorphism
the residues of F and F at the singularities corresponding by φ are equal, and there is a germ of biholomorphism ψ :
Topological conjugation of holonomies
The aim of this section is to prove our first result, which we rewrite here more precisely. sets U and U . The main difficulty in the proof is the fact that in general there is no homeomorphic extension of Φ to the exceptional divisor D. We observe that Φ preserves the separatrices, so that it sends singularities into singularities along the exceptional divisor (even when it has no extension). However, in order to clarify the exposition, we first assume that Φ can be extended to a homeomorphism Φ : U → U and we denote φ = Φ |D . Let Σ = p −1 (b) be a holomorphic fibre of p transverse to F and close to a separatrix. In general, Φ(Σ) is not a fibre of p but, using a flow-box of
Theorem A. Let F and F be two germs of general holomorphic foliations in (C 2 , 0). If F and F are topologically conjugated then the holonomy representations of F and F are topologically conjugated, i.e. there exists a geometric isomorphism ϕ : Γ → Γ and a germ of homeomorphism
The argument used in [4] to show the conjugation between the holonomies of F and F , when the homeomorphism Φ does not extend homeomorphically to D, needs in an essential way the existence of a topologically trivial deformation F t joining F 0 = F and F 1 = F . Using the compactness of the interval [0, 1], it can be assumed that the conjugating homeomorphism Φ is close to the identity. We recall here the proof given in [4] because the end of the proof in the general case follows the same arguments.
Since F and F are close we can choose representatives of a generator system of Γ which represents also a generator system in Γ . Thus, we have a natural isomorphism ϕ : Γ → Γ which is obviously geometric. On the other hand, if Φ is close enough to the identity then for any compact annulus C ⊂ Σ\{b} surrounding the point b = Σ ∩ D the image of C by Φ is contained in an open set of U whose projection V over D * is simply connected. Thus, p −1 (V ) is contained in a flowbox of F . Therefore, it is easy to construct a homeomorphism ξ : U → U isotopic to the identity, mapping each leaf of F onto itself and such that ξ(
Now, we must extend ψ |C to the whole Σ. To do this, we fix a geometric generator system γ 1 , . . . , γ ν+1 of Γ such that the holonomy of each generator is contractive (this is possible because all the singularities of F are hyperbolic). We choose a compact annulus C in Σ containing a fundamental domain C j (and its image
Using that the transformations h j and h j are contractive, we can extend continuously ψ to the whole transversal Σ mapping
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The claim follows from the facts that Φ(C) ⊂ Σ and that the foliations F and F are transversal (outside their separatrices) to the fibrations p and p respectively. In fact, y is the endpoint of a liftγ (with respect to the fibration p and beginning at x) to a leaf of F of the loop γ = γ
The pathγ = Φ(γ) has endpoints Φ(x) = ψ(x) and Φ(y) = ψ(y) and it is contained in the leaf of F passing by
We proceed now to prove Theorem A in the general case. We will show the existence of a geometric isomorphism ϕ : Γ → Γ and a homeomorphism ξ : U → U such that p * • Φ * = ϕ • p * , ξ preserves the foliation F and maps a Φ(C) into a fibre of p , where C is a compact annulus in Σ surrounding the point b. Then the proof ends as above. Let us consider the following diagram:
where Σ and Σ are the fibres of p and p over the points b ∈ D * and b ∈ D * (recall that U * and U * denote the complement of separatrices of F and F in U and U respectively). The important point is the following: although the homeomorphism φ : D → D does not exist in general the mapping Φ induces a well-defined isomorphism Γ → Γ . The fundamental group of U * is isomorphic to Γ ⊕ Zc where c is a free generator of π 1 (Σ \ {b}). Since Γ is a free group of rank ν ≥ 2, the center of π 1 (U * ) is Zc. We also consider the same situation for F . Since Φ * is an isomorphism, it maps the center Zc onto the center Zc of π 1 (U * ). Therefore Φ * induces an isomorphism ϕ : Γ → Γ such that p * • Φ * = ϕ • p * . Now, we fix two systems of geometric generators of Γ and Γ . Let γ be a loop in D * based on b of type γ = δ · · δ −1 representing a geometric generator in Γ, where is a loop surrounding closely some singularity of F. Letγ be a loop in U * of the same type than γ such that p(γ) = γ. Thus, we can write
. Therefore ϕ maps every geometric generator of Γ into a conjugate of a geometric generator of Γ . By Nielsen's theorem (see for instance the first chapter of [13] ) we conclude that ϕ is a geometric isomorphism, i.e. it is induced by a homeomorphism which a priori is defined at the singularities. The precedent considerations reduce the proof of Theorem A to prove the following lemma. Proof. Let S 0 be a separatrix of F through a singular point t 0 ∈ D and let V be a neighborhood of S 0 = Φ(S 0 ) admitting a local coordinate system (x , y ) which linearizes the singularity t 0 ∈ S 0 ∩D. We consider a compact annulus C 0 contained in S 0 \ {t 0 } whose outer radius is small enough so that 
Topological classification of N.A.G. foliations
We proceed to prove Theorem B. We recall (see Remark 1.4) that N.A.G. conditions imply the rigidity of the holonomy group of F. Therefore, under these hypothesis, the homeomorphism ψ : Σ → Σ constructed in Theorem A is actually a biholomorphism. To see the necessity of the conditions expressed in Theorem B for the topological conjugation, we must only prove the following point: The residues of the singularities of F and F related by ϕ are equal. For each j = 1, . . . , ν + 1, we choose coordinates y j in Σ and y j in Σ which linearize the holonomy transformations h j = H F (γ j ) and h j = H F (ϕ(γ j )) respectively. Then the following relations hold:
Therefore, from (1) we get after differentiation ψ (0)e −2iπαj = e −2iπα j ψ (0), so that we have at once α j = α j + k j , for some integer k j . Proof. For the sake of simplicity we will omit the subindex j. Let γ = (γ x , γ y ) be a path contained in a leaf L of F which is not a separatrix and let γ = (γ x , γ y ) be a path contained in Φ(L). Assume that γ x and γ x are loops with base points 
In fact, this loop belongs to Γ ⊂ π 1 (U * ). Then the y -projection of Φ(γ) is homotopic with fixed endpoints to ψ(γ y ) in Σ * . On the other hand, Φ(γ) is homotopic to γ because both paths are lifts of homotopic loops in D * to the same leaf Φ(L). Therefore, the y -projection of Φ(γ) is also homotopic to γ y . We conclude that ψ(γ y ) and γ y are homotopic with fixed endpoints in Σ * . It is easy to see that this last assertion implies that k = 0.
We now proceed to see that the conditions of Theorem B are sufficient to assure that F and F are topologically conjugated. Indeed, we will construct a conjugating fibred homeomorphism. is also holomorphic. Using the equality of the residues of F and F , we deduce as in [9] that Φ has a holomorphic extension to the separatrices. Thus, we have constructed an orientation preserving homeomorphism Φ : U → U such that (i) Φ is a topological conjugation between F and F ; (ii) Φ is fibred, i.e. p • Φ = Φ • p (iii) Φ |D = φ where φ * = ϕ : Γ → Γ is the given geometric isomorphism; (iv) Φ |Σ = ψ : Σ → Σ is the given holonomy conjugation.
Moduli space of homogeneous foliations
In this section we will identify certain subspaces inside the moduli space of a homogeneous foliation, which we precise in the following definition. By Definition 1.3, the residues of F 0 are all different. We enumerate the singularities of F 0 once and for all. If F is a germ of a holomorphic foliation topologically conjugated to F 0 then the residues of F and F 0 are equal. Labelling each singularity of F by means of its residue, we induce a well-defined map
Here,
we use the notation of [1] for the configuration spaces for braid groups). Note that PSL(2, C) acts on F ν+1 (S 2 ) in a natural way, with quotient space
be the map induced byσ on the quotient. The following Theorem E identifies the moduli space, relative to the homogeneous class, of a homogeneous N.A.G. foliation with vanishing order ν at the origin. Theorem C follows from Theorem E particularizing ν = 2 and considering Remark 5.2. Putting ν = 3 in Theorem E also we obtain Theorem D, except for the claim on the generic triviality of the fundamental group of M(F 0 ). This last property will be proved in the next section.
Theorem E. Let F 0 be a germ of a homogeneous N.A.G. foliation in (C
2 , 0) with vanishing order ν ≥ 2. Then M H (F 0 ) is a connected covering of F 3,ν−2 (S 2 ) with covering map σ, and its fundamental group is completely determined by the holonomy representation of F 0 .
The rest of the section is devoted to proving Theorem E. The idea of the proof is to construct a map λ from the universal covering X of X = F 3,ν−2 (S 2 ) to M H (F 0 ). This map λ will induce a homeomorphism from the quotient space X/G onto M H (F 0 ) for a certain subgroup G of the fundamental group of X, which depends on the holonomy representation of F 0 .
Constructing homogeneous foliations with prescribed holonomy
We consider the following geometric data:
• We can choose a positive number ε > 0 such that ifδ j = δ j|[0, 1−ε] andγ j is a closed curve based on δ j (1 − ε) then we obtain a generator system {γ j = [δ jγjδ
A theorem of A. Lins Neto in [6] claims that, given the geometric data as above, there exists a germ of homogeneous foliation F in (C 2 , 0) with separatrices and holonomy representation given by
and residue α j at the singularity t j . We remark that the analytic class of F is independent of the choice of the curves δ j in a fixed homotopy class (with fixed endpoints). From now on, we fix the holonomy data for the foliation F 0 : t 
Some topological facts about configuration spaces
We recall that the map F 3,ν−1 (S 2 ) → F 3,ν−2 (S 2 ) given by forgetting the base point b of (b, t 1 , . . . , t ν−2 ) in F 3,ν−1 (S 2 ) is a locally trivial bundle whose fibre is
The associated long exact sequence in homotopy finishes in
Since the bundle F 3,ν−1 (S 2 ) → F 3,ν−2 (S 2 ) admits a continuous cross-section, the short exact sequence (2) splits. Therefore, the group π 1 (F 3,ν−1 (S 2 )) is the semidirect product of Γ and M ν = π 1 (F 3,ν−2 (S 2 )) by means of a morphism ϕ : M ν → Aut(Γ). We will denote the image by ϕ of τ ∈ M ν by ϕ τ .
Remark 5.3. The group M ν can be identified with the mapping class group of the sphere S 2 minus ν + 1 colored points. On the other hand, the morphism ϕ is the restriction of the well-known faithful representation of the pure braid group of the plane P ν = π 1 (F ν (R 2 )) into the automorphism group of the free group of rank
Each automorphism in the image of ϕ is induced by a homeomorphism of the sphere onto itself. We will describe it. 
Furthermore, if we write H 0 for the holonomy representation of
is the holonomy representation of F τ . By the analytical classification theorem we deduce that F τ ∼ an F τ if and only if σ(τ ) = σ(τ ) and there is a ψ ∈ Diff(C, 0) such that
We consider the following subgroup of M ν : Definition 5.4. We define the symmetry group of the representation H 0 by
From the precedent considerations follows that the map λ induces an injective mapλ : X/ Sim(H 0 ) → M H (F 0 ) which is also surjective by Theorem B. Moreover σ =λ −1 • π. In order to prove that σ is a covering map it suffices to show thatλ is a homeomorphism. We will endow M H (F 0 ) (actually M(F 0 )) with a natural topology which will make λ a continuous open map.
According to Theorem B, if F and F are topologically conjugated then there is a fibred homeomorphism Φ which induces a homeomorphism φ on the exceptional divisor D ∼ = S 2 . We endow the group of homeomorphisms of S 2 with the compactopen topology. We fix a holomorphic foliation F topologically conjugated to F 0 . For any neighborhood V of the identity map on S 2 and for any neighborhood Thus we have shown that M H (F 0 ) is homeomorphic to X/ Sim(H 0 ). Consequently, the fundamental group of M H (F 0 ) is isomorphic to Sim(H 0 ). Remark 5.6. There is another approach to study the moduli space of a germ of a holomorphic foliation F 0 in the spirit of the Teichmüller theory for Riemann surfaces. Using this approach the universal covering of F 3,ν−2 (S 2 ) can be viewed as the Teichmüller space of F 0 and Sim(H 0 ) becomes the modular group of F 0 .
Symmetry group of the holonomy representation
Let F 0 be a germ of a N.A.G. holomorphic foliation with holonomy representation H 0 : Γ → Diff(Σ, b) and let (γ 1 , . . . , γ ν+1 ) be a geometric generator system of Γ as in the section 5.1. We can choose a transverse coordinate z on Σ which linearizes the holonomy transformation h ν+1 = H 0 (γ ν+1 ). We want to study the properties of the symmetry group of H 0 defined in 5.4. Indeed, we can define the symmetry group of any representation ρ of Γ in an abstract group G in a natural way:
where I g : G → G denotes the inner automorphism of G associated to g. Note that if ρ : Γ → G and ρ : Γ → G are related by ρ = f • ρ where f : G → G is an isomorphism then Sim(ρ) = Sim(ρ ). In this case we will say that ρ and ρ are conjugated by f .
For any integer k ≥ 1 we apply this definition to the k-jet transformation group
We obtain a chain of inclusions
its holonomy group is not abelian and then there is a first integer k 0 ≥ 2 such that the image ρ k0 (Γ) is a non abelian group, i.e. in such a way that there is an element γ ∈ Γ verifying H 0 (γ) : z → αz + βz k0 + · · · with β = 0. We remark that, by definition, the integer k 0 only depends on the representation H 0 and the choice of the linearizing coordinate z. We check easily that ρ k0 is conjugated to an affine representation ρ : 
For each τ ∈ P ν the corresponding (geometric) isomorphism ϕ τ : Γ → Γ maps each generator γ i into a new element of Γ conjugated to γ i . Therefore, we deduce that ρ(ϕ τ (γ i )) has the same linear part that ρ(
Proposition 6.1. Using the notations introduced above the following statements hold:
is a representation of the pure braid group of the plane.
In order to show this we need to recall some facts concerning P ν . Following [1] , we denote the standard generator system of P ν by {A ij , 1 ≤ i < j ≤ ν}. The restriction to P ν of the faithful morphism from the full braid group into Aut(Γ) is given by
Also let us recall the Gassner representation g : P ν → GL(ν, Λ) which maps the generator A ij into the matrix 
where Λ is the ring
It is well-known that Gassner representation is not irreducible. Actually v = (1−x 1 , . . . , 1−x ν ) is an eigenvector of g(τ ) for any (c 1 , . . . , c ν ) and also e = G (A ij τ )( b) by (e 1 , . . . , e ν ) . Using the definition of G, it is easy to see that (4) follows that
Using that the elements A ij form a system of generators of the group P ν and applying iteratively the last equality, we deduce that for any τ ∈ P ν we have
Since we know that g ρ1 is a representation of P ν into GL(ν, C) we conclude (i) and (ii).
Proposition 6.2. Let ρ be an affine non abelian representation of Γ given by
is a fixed point of the projective transformation induced by g Proof. The first assertion is showed in the proof of the Proposition 6.1. For proving (ii) we recall that ρ(γ ν+1 ) is linear and ϕ τ (γ ν+1 ) = γ ν+1 for every τ ∈ P ν . On the other hand, an affine transformation commutes with a linear one only if it is also linear. Thus in the definition of Sim(ρ) we must take g = µζ ∈ Aff(1, C) and therefore I g (a i ζ + b i ) = a i ζ +µb i . The sufficiency of (iii) is clear because if τ ∈ M ν is in the kernel of g r then, by (ii), for any affine representation ρ of Γ we should have that τ ∈ Sim(ρ). We now prove that the faithfulness of g r on M ν implies the existence of a residual set of affine representations ρ of Γ with trivial symmetry group. Note that if we choose the linear parts a 1 , . . . , a ν ∈ C * of ρ algebraically independent (residual set) then g r ρ1 is also faithful. We denote by p the canonical projection of GL(ν − 1, C) onto PGL(ν − 1, C) whose kernel is C * Id ν−1 , i.e. the center of GL(ν − 1, C). If g Proof. Gassner representation splits as the trivial representation acting over v plus the reduced Gassner representation acting over W . Then g is faithful if and only if g r is. Furthermore M ν ∼ = P ν /Z(P ν ) is a non-central normal subgroup of P ν and Gassner representation on the center Z(P ν ) of P ν is injective. Applying the Theorem 2.2 of [7] we deduce that g is faithful if and only if g r |M ν is.
However, it is well-known that for ν = 3 Gassner representation is faithful, see for instance [1] . Proof. The first assertion is consequence of Corollary 6.4. Let ρ be the affine representation associated to H 0 . The assumption on the linear part of H 0 implies that ρ 1 : Λ → C is injective. Therefore p • g r ρ 1 is a isomorphism of M 3 onto a subgroup of PGL(2, C). Since M 3 is isomorphic to the free group of rank two we have that Sim(ρ) is also a free group. On the other hand, the image of Sim(ρ) by p• g r ρ 1 is contained in the isotropy subgroup of a point [ b] ∈ CP 1 , which is isomorphic to the affine group Aff(1, C). Therefore Sim(ρ) is solvable and we conclude that it is either trivial or infinite cyclic. Finally, Sim(H 0 ) is a subgroup of Sim(ρ) therefore it verifies the same dichotomy. The last assertion is a consequence of Lins Neto's theorem stated in section 5.1. Indeed, given τ ∈ M ν we can fix an affine representation with [ b] ∈ F ix(τ), and then to realize this affine representation as the holonomy representation of a holomorphic homogeneous foliation in (C 2 , 0).
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The quasi-homogeneous case
We have seen how to identify the moduli space of singular germs of homogeneous foliations whose first non-zero jet is generic enough. But, what about germs with degenerate first non-zero jet? An illustrative example of this situation is given by a singular germ of foliation whose linear part is nilpotent, i.e. both eigenvalues vanish. This case has been treated, among others, by R. Moussu in [12] and F. Loray in [8] . Consider a 1-form ω = ω 1 + ω 2 + · · · with nilpotent linear part ω 1 = ydy and generic quadratic part ω 2 . It is known that ω is analytically conjugated to ω ∆ = d(y 2 − x 3 ) + ∆(x, y)(2xdy − 3ydx) with ∆(0, 0) = 0. From this we see that the cusp y 2 − x 3 = 0 is a separatrix of ω ∆ and this is the reason to call it a cuspidal singularity. See for instance [8] , where the following result is proved.
Theorem (Loray) . Cuspidal singularities are topologically rigid, i.e. if ω ∼ top ω ∆ then ω ∼ an ω ∆ .
Both homogeneous and cuspidal singularities are particular cases of a more general situation: quasi-homogeneous singularities. 
Moreover, if F is a generalized curve given by a 1-form ω then we can write it as ω = df + H(x, y)(αxdy − βydx), see [10] . The integers α and β can be taken coprime and they are called the weights of F, ω or f . For instance, homogeneous and cuspidal singularities are quasi-homogeneous foliations whose weights are (1, 1) and (2, 3) respectively.
It follows from (6) that Sep(F) is the union of d leaves of the dicritical foliation R αβ given by the 1-form αxdy − βydx, which admits y α x β as a meromorphic first integral. In the sequel we will assume that F is a generalized curve. Therefore, the reduction of singularities of F coincides with the desingularization of Sep(F), or even of R αβ . We exclude the cases α = 1 and β = 1 in which the separatrices of F are smooth. Let U be an open set containing the origin where the germ F is well defined and denote by π : ( U, E) → (U, 0) the composition of blowing-ups reducing the singularities of F and F. There is a distinguished irreducible component D of E which carries on the singular separatrices of F. In the Figure 1 is described the exceptional divisor in the case α = 2 and β = 3 and the separatrices of F = π * F when d = 3. The others cases have a similar exceptional divisor adding new irreducible components between D and those that contain the axes. These are added according to the euclidian algorithm to find the greater common divisor of α and β. The lines {x = 0} or {y = 0} could be separatrices of F but we will also exclude this case. It turns out that the coins of E are singularities of F which admit local holomorphic first integrals. Therefore, their holonomy transformations are periodic. 
